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Exercise 1:

Let X be a k-scheme of finite type and let k[e] = k[T]/(T?) be the ring of dual numbers which is
an infinitesimal thickening Spec k — Spec kle].

(i) Let x € X (k) be a k-valued point. Show that Qﬁ(/k ® K(r) 2 m,/m2, where m, C Ox, is
the maximal ideal.

(ii) Write f, : Spec k — X for the morphism defining x. Show that
Def(f,) : = {f(1 : Spec k[e] = X morphism of k -schemes deforming f,}
— Hom () (m, /m2, k(2)
= (T X)(k),
where T, X = Spec Sym®(m,/m2) is the tangent space of X at = (viewed as a scheme).
(iii) There is a canonical closed immersion
C.X := Spec (Pmd/mit!) — T, X
d>0

of the tangent cone into the tangent space. Show further that a compatible system of defor-
mations

fi: Spec k[T]/(T"H) — X

of f, such that fé”) does not factor over Spec k gives rise to a k-valued point

fe Proj(@mi/mg“)

or equivalently to a line in C, X. Deduce that C, X — T, X is an isomorphism if X is smooth
at x.

(iv) Assume that X is irreducible of dimension n. Show that C,X is n-dimensional.
(Hint: Show that Bly;\ X is n-dimensional and deduce that the fiber of Bli;3 X over x is
n — 1-dimensional. Then compare this fiber to C,X.)

(v) Let f: X — Y be a smooth morphism. Show that the fibers of f over Y all have the same
dimension, say n. Show that Q}(/Y is locally free of rank n.

(vi) Compute the tangent space and the tangent cone of X at z in the following cases:
(a) X = Spec k[T1,T»]/(T? — T§) and x = (0,0).
(b) X = Spec k[T1, T2 /(TE(Th + 1) — T%) and = = (0,0).
(c) X = Spec k[T1,To]/(TE +T§ — 1) and = = (1,0).



Exercise 2:

(i) Let A be a ring and let B = A[T4,..., T,]. Show that Qp , = @], BdT; is free of rank n
and that for f € A[Th,...,T,] one has

df = Z 87TidTi’
i=1

where 0/0T; : B — B is the formal derivative with respect to the variable T; (which is a
derivation).

(ii) Let A be a ring and B = A[X,Y]/(f) for some f € A[X,Y]. Show that
Qh 4= (BdX @ BdY)/(2dx + 2Lay).

Show that Q}B /A is locally free of rank 1 if and only if the matrix

<

Qo
R

V= (5% %)

i

v

has rank 1 at all points of Spec B.

Exercise 3:

Let k be a field. And let f : Spec A — k be a morphism. Show that the following are equivalent:
(a) f is étale
(b) f is unramified

(¢) A is isomorphic to a direct product of finitely many finite separable field extensions of k.
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